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ut(x, t) f K t, s)uxx(x, s) ds + u(x, t) u3(x, t), d- (1.2) u(0, t) u(Tr, t) 0, was proposed to study the bifurcation and stability properties associated with a viscoelastic fluid. The interpretation of (1.1), (1.2) is that u(x, t) is the velocity perturbation for a Bnard type flow in a channel (0=<x= < 7r). The viscoelastic force of a non-Newtonian fluid with memory is modeled by the integral term in (1.1). The constant R-> 0, which corresponds to the Rayleigh number, becomes the bifurcation parameter in the analysis of (1.1), (1.2) .
The introduction of the model problem (1.1), (1.2) was motivated by the difficulty of identifying viscoelastic phenomena from the full-fledged Navier-Stokes equations (e.g., Joseph [6] and Eltayeb [3] ). The analysis of [8] was carried out for a Jeffreys kernel, (1.3) K(t's)=l-6exp(--) +266A (t-s), A->0, 0-<6<1, where A is the relaxation time, 6 is the ratio of a retardation time to the relaxation time, and _(t-s) is the Dirac delta function. The limiting case in which 6--> 0, A --> 0 is interpreted as a Newtonian fluid.
The results of [8] show that, for fixed 6, the relaxation time A controls the behavior of the bifurcation parameter R. As R is increased, the first bifurcation is to a steady state for A sufficiently small and to a periodic state for A sufficiently large. This behavior is consistent with the linear stability analysis of Sokolov and Tanner [9] for a more realistic formulation of the B6nard problem.
Our goal here is to extend the (weakly) nonlinear bifurcation and stability analysis of [8] [4] , Horgan and Olmstead [5] , and Olmstead and Davis [7] . We will investigate the solution of (1.9), subject to the boundary conditions (1.10) u(0, t)= u(er, t)= S(0, t)= S(7r, t)=0, and initial conditions
where eh(x), 0< e << 1, is the given initial velocity perturbation. The other conditions in (1.11) correspond to a null history; that is, for all <0 the mean velocity in the channel is constant (U-= P) with no perturbation (u 0).
2. Linear stability analysis. By linearizing the system (1.7), and introducing normal modes, we can identify the branch points were bifurcation can occur for the nonlinear problem. We consider I , , e ( " + i ' " ) t s i n n x l These results suggest that the critical value of R where the null solution loses stability is given by (2.6)
where A1 1/(1-6). The physical implication of (2.6) is that A represents a measure of how much elasticity the fluid must have for the loss of stability to have an oscillatory nature.
Since the linearized versions of (1.4) and (1.1) are identical, it is to be expected that the bifurcation sites given by (2.3) and (2.4) are the same as those found in [8] .
However, we can anticipate some differences in the evolutionary nature of the nonlinear problem.
3. Bifurcation analysis for k<k. In view of (2.6), we anticipate the nonlinear problem (1.7) to exhibit its first bifurcation, as R increases from zero, at R R s= 1 when A < A1. Moreover, we expect that an initial perturbation of the null solution will (I)(t, "/') tO + ('/"
Upon solving (4.6) subject to (3.5) and (3.6), while retaining only the terms that survive as t-+ oo, we find For the solution of (4.10), subject to (3.5) and (3.6) , to remain bounded in t, we require the solvability conditions (see [8] 
We note that the bifurcated state is periodic with a frequency 03 that contains a shift away from the frequency w given by the linear analysis.
5. Discussion. We have examined the (weakly) nonlinear stability properties of the null state for a viscoelastic version of the Burgers system. This analysis represents an extension of the work in [8] to a model which more closely resembles the NavierStokes problem.
We find that for a non-Newtonian fluid of relatively small elasticity (A < A) the first instability is encountered at R R= 1, where there is a bifurcation to a steady state. This is in accord with the results for the Burgers model with a Newtonian fluid (A -0, -0), as seen in [7] . On the other hand, for a fluid of sufficiently large elasticity (A > A), the first instability is encountered at R R p) 1 where there is a bifurcation to a periodic state. These results are qualitatively consistent with the linear stability analysis of [9] for a Navier-Stokes problem and with the (weakly) nonlinear analysis of [8] for the model equation (1.1).
Our results do reveal an interesting feature not suggested by previous investigations.
For a fluid of sufficiently large elasticity (A > A), the evolution to the periodic bifurcated state is accompanied by a frequency shift. As seen in (4.17), (4.18), this shift Aw is given by ( 
5.1)
Ato =fl 2 where/3 and/x are given by (4.14).
The ratio /3//x can be expressed in terms of only A and 6, which are the two viscoelastic parameters of the Jettreys kernel (1.3) . It is significant that for sufficiently small, the frequency shift is (essentially) always positive; whereas for 6 sufficiently large, the shift is always negative.
Since these results were obtained from the Burgers model, the quantitative value of the frequency shift cannot be regarded as significant. Nevertheless, the fact that there is a frequency shift may provide some insight into future investigations of the full-fledged Navier-Stokes model.
